An improved transfer matrix method which has been proposed by the author is applied to the isotropic Heisenberg chain with spin 1/2. Both ferro-and antiferromagnetic couplings are considered. We first explain how to find the size of transfer matrix in consideration of the symmetry of Trotter subsystem with Trotter number M. We then compute the internal energy, specific heat, magnetization and susceptibility in the presence as well as absence of magnetic field in the cases of the pair and tri spin decompositions with M = 2, 4 and 6. Our results are qualitatively explained on the basis of the level schemes of the clusters of decomposition. We find good and rapid convergence to the infinite chain limit of Bonner and Fisher with increasing Trotter number in the tri spin decomposition except at very low temperatures, when we examine the zero field limit. Convergence with Trotter number in the case of finite field is also rapid in either decomposition. However there are interesting discrepancies, though small, between the results of Bonner and Fisher and ours in the tri spin decomposition, which remain as one of future problems to be investigat· ed. Finally we present brief discussion about strategy and tactics for getting improved results by our method.
In a recent article, I) referred to as I, the author has proposed an improved transfer matrix method for calculating the partition function of quantum spin system of one dimension, which is expressed by the M -th approximant of the Suzuki-Trotter transformation 2 ), 3) with finite Trotter number M. The point of the method is to incorporate the symmetry property of the Trotter subsystem in the calculation of the partition function. Then the size of transfer matrix is reduced largely, depending on a degree of the symmetry of each particular system under investigation. The method has been applied to the XY model with spin S =1/ 2 without external field successfully.
In the present article we report results of calculation about the isotropic Heisenberg chain with S = 1/2 under a magnetic field. The Hamiltonian is assumed to be (1) . .- where Sf stands for the a-component of spin operator at the j-th site on the chain and -BSf is the Zeeman energy due to a magnetic field whose direction is chosen to be the z-direction withoutloss of generality. Both ferromagnetic (j >0) and antiferromagnetic (j < 0) cases are considered. Our method is summarized briefly in § 2, as its details have been presented in L We explain our calculation procedure, especially one of the methods how to find the existing symmetry of the Trotter subsystem which is preserved from the subsystem after subsystem and how to determine the size of the transfer matrix. Numerical computation is done up to Trotter number 6 (M ::::::6) both in the pair spin decomposition (pair SD) and in the tri spin decomposition (tri SD). See Fig. 1 in I. We show the internal energy, specific heat, magnetization and susceptibility of the fer-romagnetic case in § 3 and those of the antiferromagnetic case in § 4. We naturally find that the results of the zero field limit in the pair SD recover those which have been obtained by the Monte Carlo simulation by Cullen and Landau 4 ) and by the transfer matrix method by Betsuyaku. 5 ), 6) It is very interesting .to compare our results in B = 0 and B *-0 with the famous ones of Bonner and Fisher.
7 )
The comparison is done in § § 3 and 4. We find good and rapid convergence to the infinite chain limit of Bonner and Fisher with increasing Trotter number M in the tri SD except very low temperatures, when we examine the zero field limit. Convergence with M in the case of finite field is also rapid in either spin decomposition. Quantities computed in the tri SD behave, as functions of temperature, in the quantitatively a little different way, though qualitatively the same, from the corresponding ones in the pair SD except the magnetic property in the antifer· romagnetic case where the net spin of the cluster of decomposition is zero or half in the ground state depending on whether the number of spin of the cluster is even or odd number. We may say that the results in finite fields for finite chains by Bonner and Fisher are recovered by ours in the paIr SD. All of these are discussed by considering the level schemes of the cluster in § § 3 and 4. Concluding remarks are presented in the final section. The spin distribution functions of cluster are given in the Appendix together with some of useful information. We emloy the units h=kB=1. § 
The transfer matrix
Let us summarize our method in the case of arbitrary magnitude of spin 5. Please read Ref. 1) for its details. Let us consider a linear chain with free boundaries and apply the (p + 1) spin decomposition (Fig. 1) . Then the Hamiltonian of the fundamental cluster for the decomposition is assumed to be number M. This is a generalized checkerboard decomposition by the use of cluster of (p+ 1) spins, whose spin distribution function is denoted by J. The Trotter subsystem (TSS) is com· posed of one column along the Trotter direc· tion (black circles)' The transfer matrix U is the product of U1 and U2.
-B j~2 5f -~ B5ff+l .
(2)
Let us introduce the (p + 1) spin distribution function f in the representation of the atomic coherent state of spin,I),8),9) in which a complex number fJ. specifies the coherent state of spin, by (3) where f is a polynomial in respective arguments with terms up to order 25. The distribution function Gn in the n-th Trotter subsystem, which consists of 2M sites on one column along the Trotter direction and obeys the periodic boundary condition, is given by a set of recurrence formulae
2nA,P, -
where M is the Trotter number employed, /3' = /3/ M, n = 1, 2, 3, ... ,and), = (AI, A2,
with similar definitions for J1., 7] and~. The bar denotes integration
The edge function Gl is defined by
where I' is the edge spin distribution function (7) with h' = -B5 z /2. Function Gn is a polynomial in respective arguments with terms up to order 25 in general. The existing symmetry of the Trotter subsystem specifies the dependence of Gn on the arguments in a particular form irrespective of n and the size of decomposition p, and determines the number of independent coefficients of the polynomial Gk simultaneously. The rule of transferring the set of independent coefficients constructs the transfer matrix U = U1 • U2 where U1 and U2 come from (4) and (5) respectively. Writing the maximum eigenvalue of U by A, we obtain the free energy per site by (8) in the thermodynamic limit at fixed M, where F.and T are measured in units of 21115
•
Let us now describe one of the methods how to find the set of independent coefficients and the size of transfer matrix. We expand Gn 
n+l Then a set of recurrence formulae is obtained from (4) and (5) as
where summation is understood by the double bars as
and
The edge quantity is expressed as
As we can write down CJ and CJ' explicitly, we can classify the coefficient g n( {kJ; {tj}) according to the symmetry property of Gn(),*; fl.) by inspection in principle. Such a task has been done up to M = 4 for the XY model of S = 1/ 2 in 1. But it is an increasingly lengthy and cumbersome task with increasing M. Therefore we do the classification numerically by computer. It is sufficient to consider the case of the pair SD, as the symmetry is the same for any of more than two SD in our manner of decomposition, where the fundamental cluster overlaps the adjacent ones only at their edges (a generalized checkerboard decomposition as shown in Fig. 1 which include the sign of J in order to study both the ferromagnetic and antiferromagnetic cases in a unified manner. Taking a set of arbitrary values of t and b, we compute g n, (11) and (12), step by step from g 1. It is found that the classification of g n is completed after only a few steps. That is, we can find that any element of a group is transferred into the same group through the subsystem after subsystem, if g n( {kj }; {tj}) are grouped together by numerical values. Thus we get all of the independent coefficients together with the constituent ones of each group. The number of the groups determines the size of transfer matrix.
Let us number the groups and denote {kJ and {U of g n, which belongs to the K-th 
Thus we have completed to construct the transfer matrix U = UI· U2. Let us show some of the explicit contents in the case of isotropic Heisenberg model with S = 1/ 2. Functions r;F and r;F' are given in the Appendix. They are universal functions of f3 and b, so that we can treat the cases of ferromagnetic and antiferromagnetic couplings in a unified manner. The number of the independent coefficients are listed in Table I together with the total number of non-zero g n. Three steps are sufficient to get them. Note that, if B ~ 0, the size of transfer matrix is (ll2 x ll2) for M = 6 while it is (4096 x 4096) in the original forms (ll) and (12), for example. Table 1 . The number of independent coefficients in expansion (9) , which determines the size of transfer matrix, in the presence as well as absence of magnetic field. The total number of non·zero g n is also given. Let us show results of computation in the cases of Trotter number M =2, 4 and 6 of the tri SD in addition to the pair SD. The internal energy, the specific heat, the magnetization and the susceptibility are examined in the cases of finite field as well as zero field. . The internal energy approaches the exact ground state energy per lattice spacing -1 -b in the zero temperature limit. It is improved over the whole range of temperature computed in the tri SD better than in the pair SD, resulting in quantitative change between the specific heats of both decompositions though they behave in a qualitatively similar way. From those facts, to enlarge the size of cluster of decomposition is suggested to be more efficient in computation than to increase the Trotter number. This point is discussed later again.
The internal energy and the specific heat

The magnetization and the susceptibility
Let us first discuss the zero field susceptibility which is shown in the case M =6 in Figs. 9(a) and 9(b). A single power fitting of it is found to be 12) have been made by the use of the Bethe ansatz, resulting in 1=2.0 which is the same value as that in the classical Heisenberg chain. very weak field, in either decomposition. The magnetization weakens in its temperature variation to maintain its magnitude in the tri SD over that in the pair SD at high temperatures, as shown in Fig. 8 . This results in decreasing the susceptibility in the whole range of temperatures examined (Figs. 9(a) and 9(b)). It is seen again that to include the correlation more by the tri SD improves the results of computation not only at low temperatures but also at high temperatures, that is, over the whole range of tempera· ture. It is interesting to compare our results with that of Bonner and Fisher.7) As shown in Figs. 10(a) and 10(b) , their susceptibility for a ring of 8 spins behaves very similarly to ours in the pair SD. More precisely, it varies in almost the same way as our result in M = 4 of the pair SD. But their susceptibility is considerably larger than ours in the tri SD at high temperatures. We believe that our results in the tri SD with M = 6 is more reliable than the result of Bonner and Fisher because of the richness of the correlation included in our computation.
Discussion
N ow we try to understand the results on the basis of level schemes of the clusters of decomposition shown in Fig. 11 . Let us consider the specific heat whose dependence on the temperature is sensitive to the level scheme. It should die out below t:S 2/ M (the pair SD) or t:S1/M (the tri SD) when b=O, as the level spacing between the ground and first excited states is 4/ M or 2/ M respectively if the Trotter number is M. Above this temperature the variation as a function of t is weakened with increasing pM due to the mixing of states, the total number of which is 2 PM if the (p + 1) spin decomposition is considered. Remember that the clusters of decomposition are connected to make a linear chain. The reason why we have been able to get the improved results over the whole range of temperature by the tri SD is twofold: larger pM and narrower first level spacing.
When a finite field is applied, there appears an enhanced peak in the specific heat (Fig.  7) due to the lift of degeneracy of the ground state. As the energy width of this splitting is larger in the tri SD than in the pair SD a little slower with increasing t (Fig. 8) and simultaneously the susceptibility reaches its peak value at a little higher temperature (Figs. 9(a) and 9(b» in the E former case. § 4. The case of antiferromagnetic coupling
The internal energy and the specific heat
The internal energy is displayed in Fig. 12 in the case of zero field for M = 2, 4 and 6 of both decompositions. It approaches the exact ground state energy (per lattice spacing) of the cluster -3 (the pair SD) or -2 (the tri SD) with decreasing temperature. The exact value is -41n2+1=':-1.77 for the infinite chain.7) We can see the crossover near and below t = 1.0, during which the finite size effect of cluster dominates over the mixing effect of states. This process makes a spurious contribution to the specific heat (Fig. 13) , so that a reliable result can be obtained only above t~1.0 even when our results in M=6 of the tri SD are compared with those of Bonner and Fisher.
There is almost no effect of finite field on both quantities in the pair SD (Figs. 14 and 15(a)), while there appear weak dependences of them on the field in the range t:S1.0 and an additional structure of the specific heat at very low temperatures in the tri SD (Figs. 14  and 15(b) ). The ground state energy per lattice spacing is -3 (the pair SD) or -{[32+ (2 -b)2]1/2+2+b}/4 (the tri SD). All these behaviours are explained on the basis of the level scheme of the cluster later.
The magnetization and the susceptibility
We report our results of magnetic property only in the pair SD except Fig. 17(b) , because those in the tri SD are strongly transmuted at low temperatures by a fact that every state of the cluster necessarily possesses a non-zero value of the net spin in this decomposition.
The zero field susceptibility is displayed in Fig. 16 , which rapidly approaches the result of Bonner and Fisher with increasing Trotter number M except the range of considerably low temperatures. The zero field susceptibility of an infinite chain remains finite, as there is no gap in the excitation energy for the case of isotropic antiferromagnetic coupling.
)
It is not easy to make numerical simulation of the susceptibility by the Monte The level schemes of the clusters employed are shown in Fig. 21 . A few features of them are as follows: (1) The first excitation energies are 4 in both cases when b=O. This large separation is maintained between two groups of levels (see Fig. 21 ), even when the field is applied unless it is too strong. (2) The ground state is non-magnetic one in the cluster of pair spins, while it is magnetic one with net spin 1/2 in the cluster of tri spins. (3) Additional four levels, degenerate or non-degenerate, appear as a group of the second excited states in the latter case, which are slightly separated from the first excited states. Owing to (1) the spurious peaks of specific heat appear at almost the same temperatures in either decomposition if M is the same, but the specific heats in the tri SD are improved very much at high temperatures due to a multiple effect of (3) and the mixing of levels (Figs. 13, I5(a) and I5(b) ). The structures in Fig. I5(b) come from (2) . It is not difficult to understand from (2) and (1) why the magnetic properties have almost no dependences on the field in the pair SD. The fact (2) also explains the origin of sudden increase of magnetization at very low temperatures in the tri SD (Fig. 17(b) ). § 5. Remarks Two of the essential points to take a thermal average in the high accuracy by using the present method of approximation are to include as many energy levels as possible in computation and to revive the original level distribution as well as possible. Concerning the former, the number of levels used in computation is (2S+l)PM in the (p+l) spin One may choose either increasing M or increasing p to make pM large. However to increase p is favourable to the second point, that is, favourable for improving the level distribution. As seen in the previous two sections we have obtained better results in the tri SD than in the pair SD in the whole range of temperatures except the magnetic properties in the antiferromagnetic coupling for which it is better to employ the even spin decomposition. Furthermore the correctness of level distribution, especially of low excited states, becomes more and more essential with decreasing temperature to get the average correctly. Thus we can say that in order to study the interplay of nonlinearity and quantum nature of system it is very imp or- tant to enlarge the size of decomposition under a suitable choice of Trotter number in the range 6~M~10, as the convergence with increasing M has been found to be rapid from our experiences. 1),4)_6) A work by Honda et al. l4 ) is one of the interesting trials in this respect, though M = 1. We will report further study in a forth coming article. 
